Introduction
The purpose of this article is to reformulate the algebraic geometric concept of ampleness of a vector bundle E in differential geometric terms. As expected the condition involves the concept of a Finsler metric along the Fibers of a holomorphic vector bundle. By a Finsler metric (see section 4 for more details) on E we mean a non-negative function h on E with the following properties:
(1) h is of class C 0 on E; (2) h(z, λv) = |λ|h (z, v) for all λ ∈ C; (3) h(z, v) > 0 on E \ {zero − section}; (4) for z and v fixed the function h 2 (z, λv) is smooth even at λ = 0. For example the Kobayashi metric is a Finsler metric on the tangent bundle. Trivial examples are provided by the norm of a hermitian metric on E. Indeed the norm function satisfies, among others, the following additional properties:
(5) h is of class C ∞ on E \ {zero-section}; (6) h is strictly pseudoconvex on E x \ {0} for all x ∈ M . This last two properties are not shared by some of the naturally defined Finsler metrics, e.g., the Kobayashi metric. However, without these last 2 conditions differential geometric concepts become very complicated, if not impossible, to deal with. For this reason we shall only work with Finsler metrics satisfying properties (5) and (6). These shall be referred to as pseudoconvex (along the fibers) Finsler metrics smooth outside the zero section. With these conditions the mixed holomorphic bisectional curvature of E can be defined (see sections 2 and 4). The term mixed referred to the fact that we shall be taking one direction in the space direction and one fiber direction. If E is the tangent bundle and h a hermitian metric this coincides with the usual notion of holomorphic bisectional curvature. The main result is the following Theorem (see Theorem 3.2 and Theorem 4.5)
Theorem. Let E be a rank r ≥ 2 holomorphic vector bundle over a compact complex manifold M and for any positive integer k let k E be the k-fold symmetric product and L P( k E) be the "hyperplane bundle" over the projectivized bundle P( k E). Then the following statements are equivalent:
(1) E * is ample; (2) L P(E) is ample; Note that in condition (6) the metric is hermitian not merely Finsler and The positive integer m can be taken to be any integer so that L m P(E) is very ample. The preceding Theorem can also be formulated in terms of the dual bundle :
Theorem. Let E be a rank r ≥ 2 holomorphic vector bundle over a compact complex manifold M . Then the following statements are equivalent:
(1) E is ample; (2) L P(E * ) is ample; In the special case of the tangent as well as the cotangent bundle we can say a little more (see Theorem 3.9 and Corollary 4.6):
Corollary. Let E = T * M be the cotangent bundle of a compact complex n-dimensional manifold M then the following statements are equivalent:
(1) T M is ample; Condition (3) is only true for the tangent bundle. The local calculations towards these results are valid even in the non-compact case. We take this opportunity to address the following question: suppose that M is a Kähler manifold and E is a holomorphic vector bundle over M ; is E Kähler? The answer is clearly yes if M is compact. We are only able to get some partial results (see Theorem and Corollary 2.2 and Corollary 3.5). The general case remains open.
In the last section we include explicit formulas relating the bisectional curvatures of a vector bundle and the associated tensor bundles.
riemannian metric on ttm
Before dealing with Kähler manifolds we review briefly the case of Riemannian manifolds (see Besse [B] ). Let (M, g) be a Riemannian manifold of dimension n and π : T M → M the tangent bundle. It is quite obvious that the most natural way to put a Riemannian metric on T T M is to decompose the bundle in some natural way as a direct sum of a "vertical" and a "horizontal" sub-bundle each with a natural metric and the direct sum of these is a metric on T T M . The vertical sub-bundle is, by definition, the kernel of π * :
where π * : T T M → T M is the differential of π. In other words, it is the subbundle consisting of all vectors tangent to the fibers of π : T M → M . There is a distinguished section, the position vector field P , of the vertical bundle. The most convenient way to describe this is via local coordinates. In terms of a local coordinate system (U ; x 1 , ..., x n ), an element v ∈ T p M is of the form
Obviously we may identify T p M with R n via the identification:
hence, on π 
(U ), T T M ) is of the form:
We have used the same notation ∂/∂x 
., n} ⊂ T T M | π −1 (U ) .
The position vector field
is, by definition, vertical. The Riemannian metric g on M induces naturally an inner product on V:
The horizontal sub-bundle is defined via the Riemannian connection ∇ associate to the metric g. The naturally induced connection on T T M is denoted by∇. The restriction∇| V is a connection on V. Let P be the position vector field defined above then the bundle map γ : T T M → V, γ(X) :=∇ X P is a surjection. The kernel, denoted by H, of γ is referred to as the horizontal subbundle. Thus we have an exact sequence of vector bundles:
which implies that V ∼ = T T M/H. Moreover, the differential restricted to the horizontal sub-bundle π * | H : H → T M is an isomorphism. Using this isomorphism we define a metric on H by pulling back the Riemmian inner product on T M , i.e.,
This together with the inner product on V defines an inner product <, > G on T T M ; more precisely, for Z H ∈ H and W V ∈ V the inner product
and for any Z, W ∈ T T M there is a unique decomposition Z = Z H + Z V and W = Z H + W V into horizontal and vertical components then
Beginning in the next section we shall extend the preceding construction to Kähler manifolds, in fact we shall deal with a more general situation, namely, the holomorphic tangent bundle of a hermitian holomorphic vector bundle over a Kähler manifold. As we shall see, the main difficulty there is that the canonical Riemannian metric constructed above is in general not Kähler.
the tangent bundle of a holomorphic vector bundle
In this section the construction of the preceding section shall be extended. Vertical and horizontal sub-bundles of the tangent bundle of a general holomorphic vector bundle E will be defined. The main point is that the vertical bundle is a holomorphic sub-bundle of T E but the horizontal bundle is in general only a smooth but not a holomorphic sub-bundle. Let (M, g) be a complex hermitian manifold of complex dimension n. Let π : E → M be a holomorphic vector bundle of rank r and the induced map π * : T E → T M . Let e 1 , ..., e r be a local holomorphic frame for E over a local holomorphic coordinate system (U ; z = (z 
and is a holomorphic sub-bundle of rank r. It is clear that π * ∂/∂v
is a holomorphic section of V. Let h be a hermitian metric along the fibers of E:
This defines, tautologically, a hermitian metric along the fibers of V:
the hermitian connection on V with connection forms:
(1 ≤ i, j ≤ r) depending only on z. The curvature forms of the hermitian connection:
are of bidegree (1, 1) so Θ j i = ∂θ j i which is equivalent to the condition that:
The components of the curvature forms are given by 
where P (see (2.2)) is the position vector field. In terms of local coordinates the map γ takes the following form:
for any vector field
It is clear (for if X ∈ V then a i = 0 for all i) that γ| V is the identity map on V. Notice that γ is smooth but, in general, not holomorphic (this is again clear because the definition of γ involves the connection). The kernel of γ, denoted H, is referred to as the horizontal sub-bundle which is a smooth (but not holomorphic in general) sub-bundle of T E. However H is smoothly isomorphic to the quotient bundle T E/V which is holomorphic as V is a holomorphic sub-bundle of T E and
is an exact sequence of holomorphic vector bundles. On the other hand, we have an exact sequence
of smooth vector bundles and a smooth decomposition T E = H ⊕ V. Thus the restriction of the map π * : T E → T M to H:
is a smooth isomorphism. Using this isomorphism an inner product can be defined on H by pulling back the Kähler inner product on T M , i.e.,
This together with the inner product, induced by the hermitian metric h of E, on V defines an inner product <, > G on T E. More precisely, if Z ∈ H and W ∈ V then < Z, W > G =< W, Z > G = 0 and for any Z, W ∈ T T M we have unique decompositions Z = Z H + Z V and W = Z H + W V into horizontal and vertical components then
is a well-defined inner product on T E.
Given a vector field
is horizontal and shall be referred to as the horizontal lifting of V . The horizontal lifts of the local basis
n} of T E:
is a basis of H. By definition, we have: 
for all i and l resulting in the following identities:
In other words, the dual basis is given by:
and, with respect to this basis, the fundamental form of the metric G defined by the Kähler metric g on M and the fiber metric h on E takes the form: 
where Proof. The first term on the right hand side of (2.13) is closed as it is the Kähler form of the metric g. Thus exterior differentiation yields,
We have (by the hermitian condition h kī = h ik , the identities (2.5) and (2.12)),
Summing the above over i and j yields
The right hand side above can be expressed in terms of the curvature (see (2.6) and (2.7)) and we arrive at the following expression for dη:
Next we observe that
and comparing bi-degrees yield 
where ι ∂m denotes interior product with the vector field ∂/∂v m . This shows that
.., r by (2.14)) for all m and that 
In particular, all connection forms relative to this local frame vanishes at x 0 and the curvature at x 0 is given by (∂∂h)(x 0 ).
Proof. Since h is hermitian it is clear (by diagonalization and re-scaling) that there is a local holomorphic frame e = (e 1 , ..., e r ) over an open neighborhood
, n = dim M to be a local coordinate neighborhood so that x 0 is the origin. Let H(z) = I r + A(z) where I r is the r × r identity matrix and
Define a new frameẽ = eH. Denote by h e the matrix (< e i , e j > h ) 1≤i,j≤r and hẽ the matrix
Since h e = I r and A = 0 r (the r × r zero matrix) at 0 (i.e., the point x 0 ), we have:
at x 0 . By construction dA = −∂h e at x 0 and so, by the hermitian property of h, dA t = −∂h e at x 0 . These imply that dhẽ = 0 at x 0 and soẽ is the required frame.
The connection matrix θẽ relative to the frameẽ is, by definition, (∂hẽ)h −1 e = 0 at x 0 . This implies that, at the point x 0 ,
hence Θẽ = ∂∂hẽ as hẽ is the identity matrix and ∂h hẽ = 0 at the point x 0 . QED The preceding Lemma extends the well-known fact that, for a Kähler metric, normal coordinates exist at any given point. For a hermitian but non-Kähler metric on the tangent bundle a normal holomorphic frame may not come from a local holomorphic coordinate.
Let (M, g) be a hermitian manifold and (E, h) a hermitian holomorphic vector bundle over M . Consider the global (1, 1)-form on E:
where P is the position vector field as defined in (2.2). A direct calculation shows that
By Lemma 2.4 we may choose a local frame of E which is normal at any given point z * and, with respect to such a frame, we have, at the point z *
:
It is clear from this that √ −1∂∂||P ||

2
G is positive definite in the vertical direction. Moreover the curvature at z * is given by (see (2.8))
thus the second sum in the expression above is a curvature term: ) and K is the curvature operator which, in terms of the curvature matrix, is given as follows:
If ||X|| g = 0 and ||v|| h = 0 the mixed holomorphic bisectional curvature of (E, h) is defined to be:
Identifying the position vector field with the position vector we shall write k(X, P ) instead of k(X, v) The preceding calculation shows that:
Theorem 2.5. Let P be the position vector on E where (E, h) is a hermitian holomorphic vector bundle of rank r over a complex hermitian manifold (M, g). Let G be the metric along the fibers of T E defined by g and h then the
(1, 1)-form √ −1∂∂||P || 2 G
is positive definite on E \ {zero − section} if and only if the mixed holomorphic bisectional curvature k(X, P ) is strictly negative for all non-zero
Proof. This is quite clear from the identity
as the first term on the right guaranteed that the (1, 1)-form is positive definite in the fiber directions while the second term is positive definite in the base directions if and only if the mixed holomorphic bisectional curvature k(X, P ) is strictly negative. QED
In the current situation E = T M and h = g hence we may write
We recognize from the definition that k(X, X) (in which case we shall write simply (k(X) instead of k(X, X)) is the usual holomorphic sectional curvature of g and k(X, Y ) is essentially the holomorphic bisectional curvature of g. More precisely, for X, Y linearly independent the holomorphic bisectional curvature of g is defined to be
(note that b(X, X) does not make sense and is the main reason that we use In the next section the preceding Theorem shall be formulated on the projectivized bundle rather than on E. The reason for working on P(E) rather than E is that P(E) is compact if M is compact.
the tangent Bundle of a projectivized vector bundle
Let (M, g) be a Kähler manifold with holomorphic tangent bundle p M : T M → M = T M and let (E, h) be a hermitian holomorphic vector bundle of rank r ≥ 2 over M with projection
Denote by E * = E \ {zero − section} then there is a natural C * = C \ {0} action on E * and the quotient
shall be referred to as the projectivized vector bundle. The natural projection map shall be denoted by
As the notations suggested, the following diagram commutes:
The quotient map (3.2) induces a bundle map between the tangent bundles
The kernel of [ ] * is the trivial line bundle < P > spanned by the position vector field P (defined in (2.2)) and we have a short exact sequence of holomorphic bundles
E is a sub-bundle of P(E) × E over P(E) and inherits projection maps
E → E such that the following diagram is commutative:
The dual, denoted L P(E) , shall be referred to as the "hyperplane bundle" over P(E). We shall often write, for simplicity, L instead of L P(E) . The following definition is standard:
If the base manifold is compact then it is well-known that the existence of an ample vector bundle over M implies that M is projective.
Let P be the position vector field on T E then the function (see (2.15))
is globally well-defined on E and is non-vanishing outside the zero section hence log ; equivalently, √ −1
which is the first Chern form of the dual line bundle L. Being a form on P(E) we have φ
Indeed the position vector field is a zero eigen-vector of ∂∂ log ||P || 2 h , i.e., ι P ∂∂ log ||P || 2 h = 0.
Theorem 3.2. Let P be the position vector field on a holomorphic vector bundle
(E, h) of rank r ≥ 2 over a hermitian manifold (M, g) of dimension n. Then the (1, 1)-form √ −1∂∂ log ||P || 2 h descends to a well-defined form φ(= 2πc 1 (L P(E) )) on P(E) moreover
the following conditions are equivalent:
(i) φ is positive definite (resp. positive semi-definite);
(ii) the mixed holomorphic bisectional curvature k(X, P ) of (E, h) is strictly negative (non-positive) for all non-zero X ∈ T M and where P is the position vector field along the fibers of E.
we obtain in terms of a normal holomorphic frame at a point z * (see Lemma 2.3),
and from the computation of ∂∂||P || 2 h in the last section (in the proof of Theorem 2.4),
where K is the hermitian curvature of h. The first term on the right is [ ] * ω F S where ω F S is the Fubini-Study metric of the fiber P(E z * ) and [ ] : E * → P(E) is the quotient map. Thus
from which we infer easily that φ is positive definite in the fiber direction (the FubiniStudy metric is positive definite and, from (2.16), the second term is the pull-back of a form on M ) and is positive definite in the base direction (by Theorem 2.4) if and only if the mixed bisectional curvature:
is strictly negative for non-zero X ∈ T M . This shows that (i) and (ii) are equivalent. QED Since
h is the first Chern form of L P(E) and the positivity of the Chern form implies the ampleness of L (which, by definition 2.1 this is equivalent to the ampleness of E * ). In other words, either of the condition implies that E * is ample (resp. nef). A necessary and sufficient condition will be established in section 5. Actually the proof above says a little more, namely we get from (3.7) that c 1 (L P(E) ) is non-negative if and only if the mixed holomorphic bisectional curvature k(X, P ) is bounded from above by zero.
Note that the hermitian curvature matrix is skew hermitian, consequently the mixed holomorphic bisectional curvature of a holomorphic hermitian bundle (E, h) is positive (resp. negative) if and only if the mixed holomorphic bisectional curvature of its dual (E * , h * ) is negative (resp. positive). Theorem 3.2 applied to the dual (E * , h * ) of (E, h) yields:
) moreover the following conditions are equivalent: (i) ψ is positive definite (resp. positive semi-definite) ; (ii) the mixed holomorphic bisectional curvature of (E * , h * ) is strictly negative (resp. non-positive);
(iii) the mixed holomorphic bisectional curvature of (E, h) is strictly positive (resp. non-negative); Each of these conditions implies that E is ample (resp. nef).
Just as in section 3 the condition on the mixed bisectional curvature in Theorems 3.2 and 3.3 is reduced to the usual bisectional curvature if (E, h) = (T M, g).
Fix hermitian metrics (M, g) and (E, h) and let µ g,h be the supremum of the mixed holomorphic bisectional curvature k(X, P ); more precisely:
Obviously the function m g,h (x) is continuous and, if M is compact, µ g,h is a finite constant. However µ g,h may be infinite if M is non-compact, in which case it is necessary to work with m g,h (x). In any case, we have, by definition:
where ω g is the fundamental form associate to the metric g. This together with (3.7) implies that, for µ g,h finite 
ω is a Kähler metric on P(E). This is equivalent to the condition that
is positive semi-definite on E \ {zero-section} and is positive definite in all directions transversal to the radial direction (i.e., the direction spanned by the position vector field P . This is equivalent to the condition that
E ω is positive definite on E. The construction above, however, does not work if M is non-compact because µ g,h may be infinite. In the non-compact case we have to deal with the function m g,h . This can be done if M is Stein (i. e., there exists a strictly plurisubharmonic exhaustion function f on M ) or, slightly more generally, by dropping the exhaustion condition (i.e., each of the level set of f is compact) on the strictly plurisubharmonic function f . On such M we may take the Kähler form to be the Levi form of f :
By definition, at any point x
thus, by choosing χ such that
(it is clear that such a function χ exists) then
and consequently,
is positive definite on P(E) and
is positive definitive on E. We summarized the above in the following Theorem: 
The case of a general non-compact Kähler manifold remains open.
is the quotient map (see (3.2)). The kernel of the quotient map is spanned by the position vector field P hence
There is an exact sequence (which shall be referred to as the Euler sequence over
where L P(E) is the "hyperplane" bundle as defined in (3.5) and C is the trivial line bundle spanned by the tautological section 
where L P r−1 is the hyperplane bundle on P r−1 ). The homomorphism ρ in (3.10) is given as follows.
where each σ i is a local section of L P(E) . The section σ determines a vector field on
which, by definition, is vertical (v 1 , , , , , v n are fiber coordinates) and
It is clear that the kernel of ρ is spanned by the tautological section (corresponding to the position vector field), i.e.,
where we have also used the case k = 1 of the following identity for Chern classes of tensor product of a line bundle F and a rank r vector bundle E:
Note that in the classical Euler sequence this reduces to (as E is the trivial bundle) the well-known fact that c 1 (
On the other hand, we have (by definition) an exact sequence:
where
where K P(E) and K M are the canonical bundles of P(E) and M respectively. The preceding identities imply (cf. Griffiths [?], Kobayashi-Ochiai [?] 
Theorem 3.8. For any holomorphic vector bundle E of rank r ≥ 2 over a complex manifold M , we have
where L −r P(E) is the dual of the r-fold tensor product of the "hyperplane bundle" L P(E) ; consequently, we have
Proof. Recall that an exact sequence of vector bundles
On the other hand, by (3.11), it is clear that
as claimed. QED Let E = T M in the preceding Theorem then det E * = K M and we get
where n = dim M ; equivalently, K
M is ample if and only if the anti-canonical bundle
K −1 P(T * M ) of P(T * M ) is ample.
finsler metrics
Let E be a holomorphic vector bundle of rank r ≥ 2 over a complex manifold M and let L which, via the preceding isomorphism, determines uniquely a function
→ E is the blowing up map) with the following properties: (FM5) h| Ez is a strictly pseudoconvex function on E z \ {0} for all z ∈ M . Note that we require that F be strictly pseudoconvex only in the fiber directions. Let
v) = G(z, v) and we see that a level set {G = c}(c a constant) of G is invariant by the circle action. A set invariant under the circle action is said to be circular. We derive some basic formulas of the derivatives of G which are needed in later calculations. It is understood that all differentiations are carried out off the zero section. It is clear that the homogeneity property (5.2) remains valid for all partial derivatives of G in the base variables, i.e.,
On the other hand, differentiating (4.2) with respect to the fiber
The identities (4.2), (4.3) and (4.4) imply that
In other words, ∂ z log G, ∂ v log G (resp. ∂ z log G, ∂ v log G) are invariant by the C * action on E where ∂ z , ∂ v (resp. ∂ z , ∂ v ) are the base component and fiber component of the operator ∂ (resp. ∂) on E. More precisely, we have G(z, v) and, as G is real-valued, a similar set of formulas for ∂z log G(z, v) . This also implies that the level set {G(z, v) = c} is non-singular for any positive constant c. The identity (4.2) and (4.3) imply in particular that
and differentiating the first identity of (5.4) with respect tov j yields:
we conclude, from the preceding calculations that both ∂ z ∂ z log G and ∂ v ∂ v log G are invariant by the the C * action. To deal with mixed derivatives we differentiate (r.4) with respect to z then
and these imply that
we conclude that ∂∂ log G is also invariant by the C * action. These show that both ∂∂ log G, ∂ z ∂ z log G and ∂ v ∂ v log G descend to well-defined (1, 1)-forms on P(E). Moreover, if the Finsler metric is strictly pseudoconvex along the fibers then (5.3) implies that the restriction of the Levi-form ∂ v ∂ v log G, to the maximal complex tangent bundle of {G = c} ∩ E z , is strictly pseudoconvex for all c > 0. This is so because the maximal complex tangent bundle of {G = c} ∩ E z is annihilated by ∂ v log G. In other words we have shown that Lemma 4.1. Let F be a Finsler metric along the fibers of a holomorphic vector bundle, of rank ≥ 2, over a complex manifold. Then
) descends to a well-defined (1, 1)-form φ on P(E). If G is strictly pseudoconvex then φ is positive definite when restrict to a fiber P(E z ).
The final set of formulas are obtained by differentiating the identity (4.2) with respect to the variable λ and λ resulting in the identities G(z, λv) .
is the position vector field. Differentiating (5.8) with respect to λ and using (5.7) yields r i,j=1
in other words P P G(z, λv) = P P G(z, v) = G(z, v) . On the other hand, differentiating (5.7) with respect to λ yields r i,j=1
hence, we see from (4.8) that (4.10) is equivalent to the condition that
G(z, λv) = λG(z, v). (4.11)
Inductively we get
for k ≥ 2, l ≥ 0. In fact we see, by differentiating (4.6) with respect to λ (resp. λ) that: If h is a hermitian metric along the fibers of E:
is a Finsler metric strictly pseudoconvex along the fibers with the following additional properties:
is smooth even at the zero-section, Given a Finsler metric F which is stricly pseudoconvex along the fibers we define a hermitian inner product on the vertical bundle V ⊂ T E by:
In section 2 the hermitian inner product along the fibers of the vertical bundle is defined by a hermitian metric on E and formula (2.4) 
where the horizontal and vertical Christoffel symbols are given respectively by:
If F comes from a hermitian metric then, by Lemma 4.2, the vertical Christoffel symbols γ k il vanish and (4.16) reduces to (2.5). The curvature forms of a hermitian connection are always of type (1, 1) hence
These formulas are the same as (2.7) and (2.8) except that there are now horizontal, vertical and mixed components:
The components are given as follows:
As in section 2 (compare (2.9)) the connection ∇ V defines a surjection
is the position vector field. This map is now more complicated, in terms of coordinates
The last identity of (4.19) follows from the definition (4.16) of γ j ik and identity (4.13). The kernel of γ is the horizontal sub-bundle H. Given a vector field 
., n} of T E:
is a local basis of H and these together with {∂
.., r} form a local basis for T E. Let g be a Finsler metric on M inducing a hermitian inner product < , > H along the fibers of H and we define an inner product < > T E along the fibers of T E by taking the direct sum:
We shall alsp use the notation < , > g instead of < , > H and < , > h instead of < , > V indicating the fact that the inner product depends only on the Finsler metrics g and h respectively. Let P be the position vector field and, as is clear from the previous sections, the (1, 1) on E \ {zero-section}. The expressions for these forms in terms of the metrics are formally the same but the computation is more complicated. We have
By (4.9) the last 3 term on the right above vanish:
thus we have:
By Lemma 2.4 we may choose a local frame of E which is normal at any given point z * , i.e., we may assume (as positivilty or negativity is independent of the choice of holomorphic frames) that
. Moreover, by (4.18), the second term on the right above is the base direction of the curvature hence,
in E x (which maybe identified with the tangent 
The first term on the right above is an (1, 1)-form in the fiber variables and is positive definite (in the fiber direction) by the assumption that the Finsler metric F is strictly pseudoconvex along the fibers. The second term is an (1, 1)-form in the base variables, hence √ −1∂∂||P || 2 h is positive definite if and only if the second term is also positive definite (in the base direction) on E \ {zero − section}. We define the (base component) of the holomorphic bisectional curvature by
We have:
) be a Finsler holomorphic vector bundle over a complex Finsler manifold (M, g). Assume that h is strictly pseudoconvex along the fibers and let K be the curvature of the Chern connection associated to the Finsler metric h.
Then the (1, 1)-form √ −1∂∂||P || 2 V is positive definite on E \ {zero − section} if and only if the base component of the mixed holomorphic bisectional curvature is strictly negative in the direction of X and P and on E \ {zero − section}:
for all nonzero tangent vector X of type (1, 0) on M .
The expression for ∂∂ log ||P || 2 h can now be carried ouy just as in section 3:
In terms of a normal holomorphic frame at a point z *
, we get
and from the computation in Theorem 5.3,
where K is defined as in (4.17), ω F S is the Fubini-Study metric of the fiber P(E z * ) and [ ] : E * = E \ {zero − section} → P(E) is the quotient map. Thus φ is positive definite in the fiber direction and (see Theorem 3.2)
Theorem 4.4. Let P be the position vector field on a holomorphic vector bundle E of rank r ≥ 2 over a complex manifold M of dimension n with a Finsler metric F which is strictly pseudoconvex along the fibers of E. Then the (1, 1)-form
is positive definite if and only if the base component of the mixed holomorphic bisectional curvature < K(X, X)P, P > h is strictly negative in the direction of P on E \ {zero − section} and non-zero tangent vector X ∈ T M .
As pointed out at the beginning of this section, a Finsler metric on E is identified with a hermitian metric along the fibers of the "tautological" line bundle L 
where [w 0 , ..., w N ] are the homogeneous coordinates on P N . Thus
The corresponding Finsler metric on E can be similarly expressed via Grothendieck's Theorem:
for all m ≥ 0 and i > 0 where R i p * denotes the i-th direct image. Consequently, the corresponding cohomology groups are also isomorphic, i.e.
for all integers i ≥ 0 and m ≥ 0.
For negative powers we have:
Theorem. Let E be a holomorphic vector bundle of rank r ≥ 2 over a complex manifold M . Then for any coherent sheaf S over X:
for all m > 0 and i = r − 1 and
is the symmetric product. The Finsler metric on E corresponding to h Φ will be denoted, by abuse of notation, also by h Φ and is given by
, a ∈ E. 
Moreover, the norm || || m of the inner product is the Finsler metric h Φ on E:
This is clear as the homogeneity condition, 
Proof. By definitions (1), (2), (3) and (4) are equivalent. Since c 1 (L k P(E) ) = kc 1 (L P(E) ) (4) and (8) are equivalent. By definitions (8) and (9) are also equivalent. The equivalence of (4) and (5) is a consequence of Theorem 5.4. The discussion preceding the Theorem shows that (3) is equivalent to (7). The equivalence of (5), (7) and (8) follows from the definitions. QED The Theorem applies of course to the tangent as well as the cotangent bundle and, in the later case we get from Theorem 3.3 and Corollary 3.9 that: Corollary 4.6. Let E = T * M be the cotangent bundle of a compact complex ndimensional manifold M then the following statements are equivalent:
( 
T M and any non-zero tangent vector
X ∈ T M ; (9) k T M, k > 0 is ample; (10) L P( k T * M ) , k > 0 is ample.
If (M, g) is a Kähler metric then Theorem 3.1 extends also to (E, h)
where h is only a Finsler metric. The calculation is formally similar but more complicated we include the calculations below for the sake of completeness. A calculation as in section 2 (and section 3) shows that
is a dual basis (compare (2.12)). In terms of the dual frame, the fundamental form of the inner product on T E is given by (compare (2.13))
where the first term on the right is the Kähler form on M . The obstruction of η from being Kähler is given analogously (in fact formally the same; cf. Theorem 2.1) by : 
Proof. The notations were set up so that the proof is formally the same as that of Theorem 2.1. The first term of (5.26) is closed hence
We have,
and
hence,
The right hand side above can be expressed in terms of the curvature (see (5.17) and (5.18)) and we arrive at:
and comparing bidegrees yields
Thus the identity for dη above can also be expressed as:
QED: 
where ι ∂ V m denotes interior product with the vector field ∂/∂v m . Thus we have
and since the left hand side above is of type (1, 1) we conclude, by comparing types, that
denotes interior product with the vector field ∂/∂v m . These two identities imply that
Using the first identity of Theorem 5.3 we get
for all m and, if the left hand side above is zero then comparison of types yields the identities 1≤i,j,k≤r
for all m.It is clear that these imply that 
tensor product of vector bundles
It is well-known that the ampleness of a vector bundle implies that the tensor products ⊗ k E are also amples for any positive integer k. By Theorem 4.5 this can be formulated as saying that the negativity (resp. positivity) of the mixed bisectional curvature of E implies the negativity (resp. positivity) of the mixed bisectional curvature of ⊗ k E. In this section we work out the precise relation between the respective curvatures.
For a Hermitian holomorphic vector bundles (E, h) and (F, k) the tensor product E ⊗ F is equipped with the Hermitian metric H = h ⊗ k, i.e.,
Let {e 1 , ..., e r }, {f 1 , ..., f s } be local frames for E and
If (E, h) and (F, k) are Finsler bundles we cannot, in general, define its tensor product on E ⊗ F even though for simple elements
is well-defined but there is no natural way of extending this definition to the general elements. However, if h and k are strictly pseudoconvex along the fibers we may proceed as follows. Let η = h 2 and κ = k 2 then, as was seen in the preceding section,
κ ∂v i ∂v j are hermitian metrics on the vertical bundles V E and V F respectively. Now the tensor product of these two hermitian metrics is a hermitian metric of the bundle V E ⊗V F . It is easily seen that V E ⊗V F is the vertical sub-bundle of T (E⊗F ), i.e.,
In what follows we shall be working with the Hermitian and Finsler cases at the same time with the understanding that, in the later case we are working on V E ⊗ V F instead of E ⊗ F . The connection of the tensor product is the tensor product of the connections, i.e.,
For simplicity of notations the same symbol is used for the 3 different connections. The connection is extended to general elements by enforcing linearity (over C) and Leibnitz rule. We have, by (4.10): 
For the curvature of the tensor product observe that
hence we have as in the case of connections,
where {Θ {kl} {ij} } are the curvature forms relative to the frame {e ij } and Θ
are the curvature forms of (E, h) and (F, q) (V E and V F ) relative to the frame {e i } and {f j } respectively. For
For the computation that follows we choose the frames {e i }, {f i } to be unitary. For unitary frames it is easily seen that
Denote the curvature operator of the tensor product E ⊗ F (V E ⊗ V F ) byK and that of E and F (V E and V F )) by K E and K F respectively. By definition we have
(and the same formula replacing E by V E and F by V F in the Finsler case). By the definition of h ⊗ k the last term on the right above is equal to
and, as the frame is unitary we arrive at the identity:
This implies that (replacing E by V E and F by V F in the case of Finsler metrics)
It is clear from the preceding formula that the mixed holomorphic bisectional curvature of (E ⊗ F, h ⊗ k) is ≤ 0 (resp. < 0) if the mixed holomorphic bisectional curvatures of (E, h) and (F, k) are both ≤ 0 (resp. < 0). By induction, we have: 
is ≤ 0 (resp. < 0 resp. ≥ 0, resp. > 0). where σ ranges over the symmetric group on m elements. In terms of the given frame the connection forms are given by We infer from the above that 
